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CANTILEVER OF A LOW SPRING CONSTANT 

Abstract. The work presents mathematical simulation results of tapping interaction of an atomic force microscope (AFM) 
probe with low (0.1 N/m) spring constant of its cantilever with samples of materials with the Young moduli of 0.01; 0.1; 1; 10 GPa 
under varying the characterizing samples surface energy Hamaker constant, oscillation amplitude of a piezoelectric element, 
and also the quality factor of the probe. The Johnson–Kendall–Roberts model was used to describe contact between the probe 
and a sample. Non-contact interaction was taken into account using the Lennard–Jones potential. It was defined that at lower 
values of the Hamaker constant, higher quality factor of the AFM probe, and higher oscillation amplitude of the piezoelectric 
generator, conditions  for  transition  from mixed mode of probe–sample  interaction, which  is undesirable  for obtaining AFM 
images, to purely elastic mode occur. However, for materials with the Young moduli of 1 and 10 GPa abrupt changes in probe 
characteristics occur, which are associated not with influence of surface adhesion, but with late onset steady-state mode of probe 
oscillation. In order to avoid non-steady state oscillation of the probe in tapping AFM mode, it is proposed to use probes with 
higher spring constant to obtain high-quality AFM images of material surfaces with the Young modulus of 1 GPa and higher. 
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ПОЛУКОНТАКТНЫЙ РЕЖИМ АТОМНО-СИЛОВОГО МИКРОСКОПА  
ПРИ МАЛОЙ ЖЕСТКОСТИ КОНСОЛИ ЗОНДА

Аннотация.  Методами  математического  моделирования  исследовано  полуконтактное  взаимодействие  зон-
да атомно-силового микроскопа (АСМ) малой (0,1 Н/м) жесткости его консоли с образцами материалов с модулем 
Юнга  0,01;  0,1;  1;  10  ГПа  при  варьировании  постоянной  Гамакера  образца,  характеризующей  его  поверхностную 
энергию, а также амплитуды колебаний пьезоэлемента и добротности зонда. Для описания контакта зонда и образца 
использовалась модель Джонсона–Кенделла–Робертса. Внеконтактное взаимодействие учтено с помощью потенциа-
ла Леннард–Джонса. Установлено, что при меньших значениях постоянной Гамакера, больших добротности АСМ-
зонда и амплитуды колебаний пьезогенератора наступают условия перехода от нежелательного для получения АСМ-
изображений смешанного режима взаимодействия зонда и образца к чисто упругому режиму. Однако для материалов 
с модулем Юнга 1 и 10 ГПа возникают скачкообразные изменения характеристик зонда, связанные не с влиянием 
поверхностной адгезии образца, а с поздним наступлением стационарного режима колебаний зонда. Во избежание 
неустойчивых колебаний зонда в полуконтактном режиме работы АСМ предложено использование более жестких 
зондов с целью получения высококачественных АСМ-изображений поверхностей материалов с модулем Юнга 1 ГПа 
и выше. 

Ключевые слова: атомно-силовая микроскопия (АСМ), полуконтактный режим, жесткость консоли микрозон-
да, модуль Юнга, постоянная Гамакера
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Introduction. Tapping mode of  atomic  force microscopy  is  a widespread  and  fairly well-studied 
method for research material surfaces. In [1], a general solution of an equation for motion of a probe tip 
near a surface at amplitude and frequency modulations of an AFM was obtained, analytical expressions 
for average even force, average gradient of interaction force between a probe and a sample, and average 
damping constant during their interaction were given. However, behavior of a microprobe is so diverse 
when interacting with surfaces of various materials that, despite complex of knowledge about tapping 
mode,  there  remains  a  need  to  understand what  kind  of  situation  an AFM operator  is  dealing with. 
That allows choosing probe parameters and amplitude of the piezoelectric generator in order to obtain 
high-quality AFM images.
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In the overwhelming majority of works, the Deryagin–Muller–Toporov (DMT) model is used for 
modeling tapping AFM mode [2–11]. Some studies consider viscoelastic probe–sample interaction in 
tapping mode of an AFM [8, 12–14]. In [15], simple analytical expressions were derived for direct calcu-
lation the reduced Hamaker constant, the Young modulus, the viscosity coefficient and relaxation time, 
but the solution is also based on the DMT model and doesn’t take into account contact adhesion.

In this investigation, not only non-contact attractive probe–sample interaction is taken into ac-
count, but also contact adhesion using the Johnson–Kendall–Roberts model for contact of a sphere and 
a plane [16], which is more accurate approximation to their real interaction than the DMT model. It is 
especially important to take into account the non-contact and contact attractions of a probe and a sam-
ple when studying conditions for onset mixed mode of probe operating. In mixed (transient) mode, 
spontaneous switching between the modes of attractive and repulsive interaction with a sample occurs, 
due to which defects appears in the AFM images of material surfaces, so it should be avoided. When 
performing such study using mathematical modeling methods, we revealed a situation that does not 
fit into a general scheme. In this regard, there was a need for separate study interaction of the micro-
probe cantilever, which has a low spring constant, with materials characterized by different values of 
the Young modulus and the surface energy, and this is the subject of this work. Typically, probes with 
cantilevers as low as 0.1 N/m are intended for contact AFM mode, but some manufacturers offer to use 
its in tapping mode.

Mathematical model. An equation of probe oscillation in tapping (intermittent-contact) mode of 
interaction with a sample was solved using mathematical simulation methods. Model (1), which has 
been tested many times previously and is in good agreement with experimental data [17], was taken as 
base. An expression for probe–sample interaction Fts(z) takes into account both non-contact attractive 
interaction according to Lennard–Jones and elastic-adhesive probe–sample contact. The latter occurs 
in the lower part of a probe oscillation cycle and is described using the Johnson–Kendall–Roberts 
model. 

The equation of probe tip oscillation is

 
     0

pos bm tssinmmz z k z z a k t F z
Q
       , (1)

where m is mass of the microprobe, kg; z″ is the second derivative of vertical displacement of the tip 
probe, nm/s2; ω0 is the natural angular frequency of the probe, Hz; z′ is derivative of vertical displacement 
of the tip probe, nm/s; Q is the quality factor of the cantilever; k is the spring constant of the probe 
cantilever, N/m; z is vertical displacement of the tip probe, nm; zpos is a position of a cantilever fixing 
point above a sample surface, nm; abm is the oscillation amplitude of the piezoelement, on which the 
cantilever is fixed, nm; ω is operating angular frequency of the probe, Hz; t is time, s; Fts is the interaction 
force between the probe and a sample surface, nN. Here the force of probe–sample interaction is
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Here FLJ is the non-contact interaction force, nN; FJKR is the contact interaction force according to the 
Johnson–Kendall–Roberts model, nN; 

0Fz is a distance, at which the contact and non-contact interaction 
forces are balanced, nm; H is the Hamaker constant of a sample, аJ; R is radius of probe tip curvature, nm;  
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σ is the interatomic distance, nm; Pc is the maximum force of adhesion, nN; Δγ is specific surface 
energy of a sample, J/m2; ks is a reduced modulus of elasticity of sample and tip materials, GPa; ν1, ν2 
are the Poisson’s ratios of tip and sample materials, respectively; E1, E2 are the Young modulus of tip and 
sample materials, respectively, GPa; аJ = 10–18 J – аttоjoule.

Initial conditions are:  z(0) = zpos, z′(0) = 0. 
In order to reproduce a situation of the probe–sample interaction during AFM scanning, mathe-

matical simulation was performed for distances zpos between the attachment point of the cantilever and 
a sample from zero to values close to values of free oscillation amplitude of the probe tip. It is necessary 
to vary the distance zpos during simulation, since it changes during scanning. Height of the tip was neg-
lected.

As a result of the simulation, sets of dependences of the amplitude, phase shift of probe tip oscilla-
tion, depth of deformation of a sample by the probe, the probe–sample interaction force at the bottom 
point of a tip oscillation cycle (at the maximum penetration of the probe into a sample) on the distance 
zpos were obtained. Herewith, following parameters were varied: the Young modulus of sample materi-
al (from 0.01 to 10 GPa); the Hamaker constant characterizing surface energy of a sample (from 0.1 to 
0.3 aJ); the oscillation amplitude of the piezoelectric element forcing vibration of the microcantilever 
(from 0.5 to 2 nm); the quality factor of the probe cantilever (from 20 to 200). The quality factor was 
changed because in practice, when an operator chooses the probe, its Q-factor is unknown in advance. 
It can be determined using amplitude-frequency characteristics of the probe. The microcantilever with 
a spring constant of 0.1 N/m was investigated. Radius of curvature of the probe tip was set equal to 
10 nm, the Young modulus of probe material was 179 GPa (corresponds to silicon), and the natural fre-
quency of probe oscillation was 38.9 kHz. Oscillation was excited at resonance.

 a  b

 с  d

Figure. 1. Characteristics of the elastic, attractive and mixed modes of probe–sample interaction:  
a – the oscillation amplitude of probe tip vibration; b – the probe–sample interaction force at the bottom point  

of its oscillation cycle; c – phase shift of tip oscillation; d – the maximum deformation depth of the sample by the probe
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The obtained dependences were analyzed for presence of switches between the repulsive and attrac-
tive modes of probe–sample interaction. Interaction mode was recognized as purely elastic (repulsive) 
for a certain set of input parameters (E, H, abm, Q) if a curve of the probe oscillation amplitude versus the 
distance zpos was monotonic over an entire interval 0.05 ≤ A/A0 ≤ 0.95 and the probe–sample interaction 
force at the bottom point of a probe oscillation cycle was positive (Figure 1). 

Here, A0 and A are the amplitude of probe free oscillation and its operating amplitude, respectively. 
Attractive mode of probe–sample interaction was recognized as mode in which the probe oscillation 
amplitude curve was monotonic and the probe–sample interaction force was negative over the same 
interval of a relative amplitude of probe oscillation. All other cases are attributed to mixed (transient) 
interaction mode, when switching occurs between the modes of attraction and repulsion of the probe 
and a sample, accompanied by abrupt changes in the dependence of the probe oscillation amplitude on 
the distance zpos.

Data representation structure. The results of simulation of the probe–sample interaction modes 
are presented in form of diagrams (Figure 2). In them the values of the Young modulus and the Hamaker 
constant are marked on the X and Y axes respectively, for which the simulation was performed. Circles, 
triangles, and crosses indicate, respectively, the elastic, attractive, and mixed modes of probe–sample 
interaction, realized with certain combinations of simulation input parameters indicated in the diagrams. 
Each point in the diagram corresponds to a set of four curves: the dependences of the amplitude, phase 
shift of probe oscillation, the maximum deformation depth of a sample by the probe, and the probe–sam-
ple interaction force at the lower point of a probe oscillation cycle on the zpos distance, similar to those 
shown in Figure 1.

Figure 2. Diagrams of the interaction modes of the probe with a spring constant  
of 0.1 N/m with samples, realized at different values of the Young modulus and the Hamaker constant  

of samples, the oscillation amplitude of the piezoelectric generator and the probe quality factor:  
 – attractive interaction mode;  – elastic mode;  – transient mode
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Results and discussion. For materials with  the Young modulus of 0.01 and 0.1 GPa, a  following 
regularity is observed. Increase in the oscillation amplitude of the piezoelectric element and the probe 
quality factor, as well as lower values of the Hamaker constant lead to transition from the mixed mode 
of probe–sample interaction to the elastic mode. However, for the Young modulus of sample material 
of 10 GPa, only  the mixed mode of  interaction  is  realized. For  the sample Young modulus of 1 GPa, 
the mixed  and  elastic modes  appear  chaotically  and  unsystematically  in  the  diagrams.  This  fact  re-
quires explanation, especially since calculations performed for higher cantilever spring constants (5 and 
100 N/m) fit  into  the pattern of achieving  the purely elastic mode of probe–sample  interaction by  in-
creasing abm, Q and decreasing H for the samples Young modulus of 0.01; 0.1; 1; 10 GPa. Examples of 
the diagrams for a spring constant of 5 and 100 N/m are shown in Figure 3.

In order to study this fact, we will consider curves of the probe–sample interaction force at the bot-
tom point of a probe oscillation cycle (Figure 4). We take abm = 2 нм, Q = 200, and vary  the Young 
modulus and the Hamaker constant of a sample. For the Young modulus of a sample of 0.1 GPa, the de-
pendence of the force on zpos undergoes a jump twice: from attraction (negative force values) to repul-
sion (positive values) and vice versa (see Figure 4, a). In this case, for the Hamaker constant values of 
0.10–0.25 aJ, the jumps on the force curves are located outside the interval 0.05 ≤ A/A0 ≤ 0.95, therefore 
these curves are attributed to the elastic interaction mode. The force curve at H = 0.3 aJ has jumps shif-
ted inside the significant interval, therefore it is attributed to the transient interaction mode. 

At  the Young modulus  of  1 GPa,  in  addition  to  one  switching outside  the  considered  interval  of 
the relative amplitude of probe oscillation (in a region of zpos near 400 nm), several force curves also 
have chaotic switchings in a zpos interval from 0 to 30 nm (see Figure 4, c). Such switchings become even 
more numerous at the sample Young modulus of 10 GPa, and the interval in which they are observed 
expands to 85 nm (see Figure 4, e).

As shown by dependences of the interaction force on a coordinate of the tip at the bottom point of its 
oscillation cycle Zmin, at Е = 0.1 GPa the tip probe deforms sample material by the maximum of 5 nm, 
and force values are up to 4 nN (see Figure 4, b). At Е = 1 GPa the maximum probe deepening is only 
2 nm, and the elastic force already reaches 14 nN (see Figure 4, d). At Е = 10 GPa the deformation depth 
of the samples is less than 1 nm, i.e. they are practically not deformed, while the elastic reaction force 
of the samples increases to 36 nN (see Figure 4, f ). Thus, with increase in the Young modulus of sample 
material, its semi-contact interaction with the probe becomes increasingly rigid.

Further, we fix the Hamaker constant (Н = 0.2 aJ) and consider energy losses of the probe per oscil-
lation cycle (power dissipation) during interaction with materials of different Young modulus (Figure 5). 
Power dissipation of the probe were calculated using a formula

 
 0

tip 0 cos ,kAP A A
Q


 

proposed in [18], with a difference that the sine was replaced by the cosine, since in our case a driving 
force was specified as   bm sina k t  (see (1)). The calculation was performed for abm = 2 nm, Q = 200, 
Е from 0.01 to 10 GPa (indicated by an ellipse in the interaction mode diagram in Figure 2).

Figure 3. Diagrams of the interaction modes of probes with a spring constant of 5 and 100 N/m  
with samples, realized at different values of the Young modulus and the Hamaker constant of samples,  

the oscillation amplitude of the piezoelectric generator of 0.5 nm and the probe quality factors of 20 and 200: 
 – elastic interaction mode;   – transient mode
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Curves of a dependence of the energy losses by the probe show a fundamental difference in in-
teraction processes of the probe with a spring constant of 0.1 N/m with low-modulus and higher-mo-
dulus samples. Power dissipated by the probe during interaction with materials of the Young modu-
lus of 0.1 and 0.01 GPa are about 0.25 and 2.4 pW, respectively. During interaction with samples of 
the Young modulus of 1 and 10 GPa, no energy losses by the probe occur, except for some points on 
the curves at small values of the zpos distance, corresponding to points of chaotic behavior on curves 
of the probe–sample interaction force (Figure 5, b). For comparison, dependences of the probe–sam-
ple interaction forces and the energy losses by the probe for purely elastic semi-contact interaction 
of the probe and a sample were calculated according to the Hertz model. These curves of the energy 
losses by the probe also demonstrate absence of the energy losses by the probe (due to a fact that 
elastic forces are conservative) and sharp energy drops at some points zpos for samples with the Young 

H
H

 a  b

H

H

 с  d

H
H

 e f

Figure 4. Dependences of the interaction force of the probe with material samples:  
a, c, e – on the distance zpos; b, d, f – on the position Zmin of the probe tip at the bottom point of its oscillation cycle
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 a  b
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Figure 5. Dependences of characteristics of probe–sample interaction on the distance zpos,  
calculated using model (1) (a, b) and using the Hertz model (c, d): a, c – the energy losses by the probe  

per oscillation cycle; b, d – the interaction forces

 a b

Figure 6. Motion of the probe tip during interaction with a sample surface, characterized by the Young modulus  
of 10 GPa and the Hamaker constant of 0.2 aJ, with the oscillation amplitude of the piezoelectric element of 2 nm,  

the probe quality factor of 200, and the distance between the probe attachment point and sample zpos = 22 nm:  
a – the non-steady-state mode of tip oscillation (the graph is shown starting with 2.5Q oscillation cycles);  

b – the steady-state mode (starting with 10Q oscillation cycles)
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Figure 7. Dependences of the characteristics of probe–sample interaction on the distance zpos after 20Q  
cycles of probe oscillation (abm = 2 nm, Q = 200):  

a – the energy losses by the probe per oscillation cycle (H = 0.2 aJ); b – the interaction forces (H = 0.2 aJ);  
c – the interaction forces (E = 10 GPa)
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modulus of 1 and 10 GPa (Figure 5, c), which are also presented in the force curves (Figure 5, d). 
Consequently, the sharp switches in the force curves, and hence the amplitude of probe oscillation 
and its phase shift, occurring during interaction of the probe with a spring constant of 0.1 N/m with 
samples of the Young modulus of 1 and 10 GPa, are no way related to surface adhesion of the samples 
for interaction model (1) too.

A reason for such chaotic behavior of the probe during interacting with materials of the Young 
modulus of 1 and 10 GPa is instability of the probe oscillation mode (Figure 6, a). Usually, the steady-
state mode is achieved after 2Q cycles of probe oscillation, but when a soft probe interacts with such 
material samples, the steady-state mode at some distances zpos occurs much later (Figure 6, b), and in 
some cases, as modeling shows, does not occur even after 50Q oscillation cycles. Figure 7 shows curves 
of the probe–sample interaction forces and the probe energy losses, modeled after 20Q cycles of probe 
oscillation (compare Figures 7, a, b with Figures 5, a, b; Figure 7, c with Figure 4, e).

Thus, it is possible to reduce a number of the switches between the attractive and repulsive modes 
by increasing probe oscillation time at each point over a sample surface (Figure 7). However, this is not 
always feasible in practice, since it will increase scanning time several times/tens of times. Therefore, 
it is better to choose probes with higher spring constant for samples with the Young modulus of 1 and 
10 GPa. Another recommendation can be to use not too high values of the feedback parameter set-
point. For a sample of 1 GPa, this will avoid the zpos distances at which the attractive/repulsive modes 
are switched.

Appearance of the jumps on the curves of the interaction force and the energy losses during inter-
action of the probe with a sample of the Young modulus of 0.01 GPa (see Figures 5, a, b and 6, a, b) is 
associated with confrontation of the repulsive and attractive forces, since similar curves constructed 

Figure 8. Diagrams of the interaction modes of the probe with a spring constant of 0.1 N/m with samples,  
realized at different values of the Young modulus and the Hamaker constant of samples, the oscillation amplitude  

of the piezoelectric generator and the probe quality factor:  – attractive interaction mode;  – elastic mode;  
 – transient mode;  – conditionally elastic mode
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using the Hertz model for this sample do not have jumps (see Figures 5, c, d). Although it should be not-
ed that in this case there is also the non-steady-state mode of probe oscillations at some distan ces zpos.

Thus, taking into account specificity of the chaotic jumps, which appeared on the curves of the inter-
action characteristics of the probe with a spring constant of 0.1 N/m with materials of the Young modu-
lus of 1 and 10 GPa, which are not associated with surface adhesion of samples, the interaction mode can 
be conditionally classified as purely elastic (Figure 8). However, corresponding sets of the input parame-
ters of such probe–sample interaction are not suitable for AFM scanning.

Conclusion. The article studies dynamic semi-contact interaction of the probe of low spring con-
stant (0.1 N/m) with material samples having the Young modulus of 0.01; 0.1; 1; 10 GPa, the Hamaker 
constant of 0.1–0.3 aJ at piezoelectric element oscillation amplitudes of 0.5; 1; 2 nm and the probe 
quality factor of 20, 200, 400. It is found that increase in the oscillation amplitude of the piezoelec-
tric generator, higher values of the probe quality factor and, as well as lower values of the Hamaker 
constant, allow switching from the transient mode of probe–sample interaction, which occurs due to 
confrontation between elastic repulsion and adhesive attraction of the probe and a sample and is un-
suitable for obtaining high-quality AFM images of materials, to the purely elastic interaction mode. 
However, for samples with the Young modulus of 1 and 10 GPa, the abrupt changes in the interaction 
characteristics occur that are in no way related to surface adhesion of a sample, but only with onset of 
the steady-state probe vibration mode much later than after 2Q cycles of its oscillations. In practice, 
this means that obtaining high-quality AFM images with a low-rigidity probe can be achieved by 
repeatedly reducing a scanning speed, which is not always acceptable. Therefore, it is possible to re-
commend using probe cantilevers that are more rigid than 0.1 N/m for materials of the Young modulus 
of 1 GPa and higher.
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